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A Theorem, in Determinants. 

By W. H. Metzler, Ph. D. 



The theorem in question is an extension of one given by Binet in Journ. de 
l'Ec. Polyt. IX, cah. 16, pp. 280-302* 

If we have the four sets of n quantities 

a U a 12 tt 13 • • • • Clin 
Q>21 &22 d%$ .... Gtg„ 

dgi a 32 a 33 .... ct 3n 
<x tl a ti a i3 .... a in , 

and 5^^i834f denotes the sum of the w 4 determinants of the fourth order obtain- 

1234 

able from them, **?.A m denotes the like sum obtainable from the first three sets, 

^ 123 

etc. Then Binet proved that 

y«nyAs +y«2iyA3 H-y^y^ =y^i2 3 

*"■ *-* 23 *■* *"" 23 *" ** 23 '^^ 123 

and y^y^ + y« 2 iy-4is4 +y«3iy * m + ya 41 y A m = o . 

*"* *~* 234 ' fc- ^^ 234 *" - *"* 234 '* — ^" 234 

These may be extended to the case where instead of four we have rn sets of n 
quantities, and instead of taking the sets one and m — 1 at a time, we take them 
I and m — I at a time. 

The proof of the general case will be better understood if we first consider 
a special case. 

* Vide Muir's " The Theory of Determinants in the Historical Order of its Development," Parti, 
pp. 86-91. 

tit is to be observed that the notation used throughout this paper is inclusive, i. e. A„ t ... 

denotes the minor formed by the constituents in the intersection of the r , s , t . . . . rows with the 
u, v,w .... columns. 
36 
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If 



A = 



Ofjj Of 12 GS 13 Ctj4 
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then 



( A 12 + -4 12 +....+ j4 12 \M34 + -<*34 "+■••■ 
\ 12 13 56 A 12 13 

( ""-13 4~ -4 13 +••••+ -4 13 )( 4s4 "l~ -^24 4" • • ' 

\ 12 13 56/\ 12 13 

+ (^14 + A u +••••+ A u \lA iS + A n + • • 
\ 12 13 56/\ 12 13 

+ M23 + -4 23 +....+ A 23 \(A U -+- A u + . . , 
\ 12 13 56 /\ 12 13 

— (-4 24 -+- A u +....+ A u \IAi S + A 13 + . . 

\ 12 13 56 /\ 12 13 

. . + A Si \(A n + An + . . 

S6/\ 12 13 



+ (-434 + ^34 + • 
\ 12 13 

== 2 ( -a. 1234 + A nu + -4i 3 34 + -a.1234 + A lm 
\ 1234 1235 1236 1245 1246 



+ ^-1234 + -4 1234 + A lm + J. 1234 + A 
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For if we expand the left-hand member, the sum of corresponding terms in the 
products vanishes or not according as the factors of the terms have or have not 
a column in common, i. e. according as there is or is not a number common to 
the lower lines of the suffixes of both factors. 
Thus 

-4-12-4-34 — -"13-^-24. "T" A U A 23 + A 23 A U A ii A ls + A H A 1Z = 0, 

12 12 12 12 12 12 12 12 12 12 12 12 

-4-12-0.34 -4 13 -4 2 4 + A U A 23 + -4 2 3-4l4 — -424-4i3 + -4s4-4l2 = , 

12 13 12 13 12 13 12 13 12 13 12 13 

etc. 

-4i2-4 3 4 — -4i 3 -4 2 4 + A U A 23 + -4 2 3-4 u A 24 A 13 + -4 3 4-4 i2 = -4 1234 , 

12 34 12 34 12 34 12 34 12 34 12 34 1234 



■4-12-4: 

13 

etc 



i2- £i 34 -4i3-4 2 4 + -4i4-a 23 -+- A 23 A U — -4 24 J 13 + -4 3 4-4i 2 — -4i 2 34> 

13 24 13 24 13 24 13 24 13 24 13 24 1234 



It is easily seen that A mi as well as each of the other terms on the right 

1234 
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will be obtained in — '— = 6 different ways, four of which will give a positive 

and two a negative sign, since in the set of combinations 1234, 1324, 1423, 2314, 
2413, 3412 there are four having an even number of inversions and two having 
an odd number of inversions. Hence the truth of the equation. 
In general if 

"ll *^12 ^13 • • • • "in 
a 21 ^22 Oj53 . . . . a 2n 



A 



Q-m\ @,mZ "m3 • • • • "w 



then 



tt nl a n2 a «3 



a„ 



( !)" /, -^(n|m|l)- 7 A {n , TO | ,) 

6 = 1 (nf/) 6 = 1 (n|m-7) 

6 6 

6=n, !=«. - 1 

+ ( — 1)" y,A {n{mU) . > -4 ( „|E|j)> 

+ etc. 
= $(m, 7).]>\4*im)> 



? . i a 2 x . a 2 

6 ~1 (»|l) 6 ~ x (n|m-0 



or 



v = m ; 



(» | m) 






v=l 



8 = 1 («| a !) VS = 1 (b|t»— 



= #(m, ?)2^"l»)' 



3 = 1 



(» | m) 




where v denotes the number of inversions in (»|»n|Z$«|m \l),* and q>(m, I) 

ay a. y 

denotes the excess of the number of combinations in the set 

(n I m I Tin I m \l) , (n | m \ l\n \ m \ I) (n \ in \ l\n \ m \ I) , h = n t 

0101 02 02 060s 

which have an even number of inversions over those which have an odd number.* 



* For an explanation of this notation vide this Journal, vol. XX, No. 3. 
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For if we expand the left-hand member as before, it is easily seen that the 

sum of corresponding terms of the products will vanish or not according as (n \ I) 

s 
and (n\m — I) have or have not any numbers in common. Any term A (n | m) 

(n|m) 

which does not vanish will be obtained in m t ways from those particular sums of 
corresponding terms of products which are given by 

y , ( 1)' An | m| I) •■^(n | m 1 1) I ) (o = 1 , 2, . . . . , TMj) . 

y = l . . ° .1 . . a .X 



(n | m | () (n | m | 

The coefficient of J. ( „ ( m) is therefore $ (m , Z) 

a 

(re | m) 

The theorem is thus established. 

Syracuse University, February 10, 1898. 



* 



* Vide author's paper read before the Am. Math. Soc, Feb. 26, 1898, and to appear in a later number 
of this Journal. 



